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Non-cuspidality outside the middle degree of
ℓ-adic cohomology of the Lubin-Tate tower
Yoichi Mieda
Abstract. In this article, we consider the representations of
the general linear group over a non-archimedean local field ob-
tained from the vanishing cycle cohomology of the Lubin-Tate
tower. We give an easy and direct proof of the fact that no
supercuspidal representation appears as a subquotient of such
representations unless they are obtained from the cohomology
of the middle degree. Our proof is purely local and does not
require Shimura varieties.
1 Introduction
Let F be a non-archimedean local field, i.e., a complete discrete valuation field
with finite residue field, and O the ring of integers of F . For an integer d ≥ 1, we
consider the universal deformation space over (Our)∧, the completion of the maximal
unramified extension of O, of formal O-modules of height d. It is called the Lubin-
Tate space. By adding Drinfeld level structures, we get a tower over it, which is
called the Lubin-Tate tower.
Let k be a non-negative integer. Using the kth vanishing cycle cohomology of the
Lubin-Tate tower, we obtain a representation of GLd(F )×D××WF , which we denote
by HkLT (cf. [Ca]; see also Definition 3.4, where we give the construction of H
k
LT as a
GLd(F )-representation). Here D is the central division algebra over F with invariant
1/d, and WF is the Weil group of F . The representation H
k
LT is very important for
the study of the local Langlands correspondence; in fact, it is known that for a
supercuspidal representation π of GLd(F ) the π-isotypic component of H
d−1
LT can be
described by the local Langlands correspondence and the local Jacquet-Langlands
correspondence. This was known as non-abelian Lubin-Tate theory or the conjecture
of Deligne-Carayol.
The aim of this paper is to give an easy and direct proof of the following theorem:
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Theorem 1.1 (Theorem 3.5). For k 6= d−1, the GLd(F )-representation HkLT has
no supercuspidal representation as a subquotient.
Actually, the theorem has already been proved; for the case charF 6= 0 it was due
to P. Boyer [Bo1, The´ore`me 3.2.4], and for the case charF = 0 it was remarked by
G. Faltings [Fa]. See also [Bo2, Bo3], where the GLd(F )×D××WF -representation
HkLT is completely described for every k. These proofs are accomplished by relating
the Lubin-Tate tower to an integral model of a certain Shimura variety or the moduli
space of D-elliptic sheaves with level structures; hence they are somewhat indirect.
It seems natural to look for a more direct proof. In this direction, there are some
previous works; in [Yo], T. Yoshida considered the “depth 0” case ([Yo, Theorem
6.16 (ii)]); in [St], under some finiteness assumptions ([St, 4.2.7 (H)]), M. Strauch
gave a proof of Theorem 1.1 ([St, Section 4.3]). Our method is inspired by the
paper [St], but works unconditionally. The point is that we remain in the category
of schemes, that is, we use neither formal schemes nor rigid spaces. We use Gabber’s
new result ([Ga]) in order to obtain the finiteness result needed for our proof.
We sketch the outline of this paper. In Section 2, we gather some general results
on the nearby cycle cohomology of a complete local ring over a strict local discrete
valuation ring. In Section 3, we recall definitions and notation concerning the Lubin-
Tate tower, and state our main result. In Section 4, we give a proof of our main
theorem.
Acknowledgment The author would like to thank Tetsushi Ito and Matthias
Strauch for reading a manuscript and giving helpful comments. He was supported
by the Japan Society for the Promotion of Science Research Fellowships for Young
Scientists.
Convention Every sheaf and cohomology are considered on the e´tale site of a
scheme.
2 Complements on e´tale cohomology
Let V be a strict local excellent discrete valuation ring and put S = Spec V . We
denote the closed (resp. generic) point by s (resp. η). For a scheme X over S, we
write Xs for its special fiber and Xη for its generic fiber. Fix a prime number ℓ
which is invertible in V and a positive integer n. Put Λ = Z/ℓnZ.
Let X be a scheme separated of finite type over S. For a closed point x of X
lying over s, denote by A = O∧X ,x the completion of the local ring OX ,x and put
X = SpecA = SpecO∧X ,x.
Proposition 2.1. For every integer k ≥ 0, the nearby cycle sheaf RkψXΛ is a
constructible sheaf on Xs.
2
Non-cuspidality outside the middle degree of ℓ-adic cohomology of the Lubin-Tate tower
Proof. Consider the following commutative diagram whose rectangles are cartesian:
Xs
ıˆ //
ϕs

X
ϕ

Xη
ˆ
oo
ϕη

Xs i // X Xη.joo
Here η is a geometric point lying over η. Then by definition we have RψXΛ = i
∗Rj∗Λ
and RψXΛ = ıˆ
∗Rˆ∗Λ. Since X is an excellent scheme, ϕ is a regular morphism.
Therefore, by the regular base change theorem ([Fu, Corollary 7.1.6], see also [Ri,
Proposition 4.5]), we have
ϕ∗sRψXΛ = ϕ
∗
si
∗Rj∗Λ = ıˆ
∗ϕ∗Rj∗Λ ∼= ıˆ∗Rˆ∗Λ = RψXΛ.
Hence we have RkψXΛ ∼= ϕ∗RkψXΛ. Since RkψXΛ is a constructible sheaf on Xs
([SGA41
2
, Finitude, The´ore`me 3.2]), so is RkψXΛ ([SGA4, Expose´ IX, Proposision
2.4 (iii)]).
Proposition 2.2. Let Z be a locally closed subscheme ofXs. Then for every integer
k, the local cohomology HkZ(Xs, RψXΛ) is a finitely generated Λ-module.
Proof. By Proposition 2.1, it suffices to show that for every constructible sheaf F
on Xs, H
k
Z(Xs,F) is a finitely generated Λ-module. First we consider the case
where Z is open in Xs. Denote by j : Z −֒→ Xs the natural open immersion.
Since Xs is noetherian, j is quasi-compact, and thus is of finite type. Therefore by
Gabber’s finiteness theorem ([Ga]), Rkj∗j
∗F is a constructible sheaf on Xs. Thus
HkZ(Xs,F) = Hk(Z, j∗F) = Hk(Xs, Rj∗j∗F) = (Rkj∗j∗F)x is a finitely generated Λ-
module, as desired. Next we consider the case where Z is closed in Xs. By the exact
sequenceHk−1(Xs\Z,F) −→ HkZ(Xs,F) −→ Hk(Xs,F), we may reduce to the open
case. Finally we consider the general case. Let Z be the closure of Z in Xs. Then Z
is open in Z. By the exact sequence Hk
Z
(Xs,F) −→ HkZ(Xs,F) −→ Hk+1Z\Z(Xs,F),
we may reduce to the closed case. Now the proof is complete.
Remark 2.3. If Z comes from a locally closed subscheme of Xs, then by the similar
method as in the proof of Proposition 2.1, we may avoid Gabber’s deep theorem.
Proposition 2.4. Assume that Xη is smooth of pure dimension d − 1. Then we
have (RkψXΛ)x = 0 for k ≥ d and Hkx(Xs, RψXΛ) = 0 for k ≤ d− 2.
Proof. We use the same notation as in the proof of Proposition 2.1. First, [SGA7,
Expose´ XIII, 2.1.13] ensures the vanishing of (RkψXΛ)x ∼= (RkψXΛ)x for k ≥ d.
Denote the closed immersion x −֒→ Xs (resp. x −֒→ Xs) by ix (resp. ıˆx). Since
ϕs is a regular morphism, we have ıˆ
!
xRψXΛ
∼= ıˆ!xϕ∗sRψXΛ ∼= i!xRψXΛ ([Ri, Corollaire
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4.7]). In other words, we have Hkx(Xs, RψXΛ)
∼= Hkx(Xs, RψXΛ). On the other hand,
since we have
Dx(i
!
xRψXΛ)
∼= i∗xDXs(RψXΛ) ∼= i∗xRψXDXη(Λ) ∼= i∗xRψXΛ(d− 1)[2d− 2]
(for the second isomorphy, see [Il, The´ore`me 4.2]), the two Λ-modulesHkx(Xs, RψXΛ)
and (R2d−2−kψXΛ)x(d− 1) are dual to each other. Therefore Hkx(Xs, RψXΛ) = 0 for
2d− 2− k ≥ d, i.e., k ≤ d− 2. Now the proof is complete.
Let B be a V -algebra and G a finite group of V -algebra isomorphisms of B. Put
Y = SpecB and Y ′ = SpecBG. Denote the natural morphism Y −→ Y ′ by π. Let
W ′ be a locally closed subscheme of Y ′s and put W = π
−1(W ′).
Proposition 2.5. Assume that the cardinality of G is prime to ℓ, π is finite, and
πη : Yη −→ Y ′η is e´tale. Then for every integer k we have an isomorphism
HkW ′(Y
′
s , RψY ′Λ)
∼= HkW (Ys, RψYΛ)G.
Proof. For a Λ[G]-sheaf F over a scheme, we denote by FG the Λ-sheaf defined by
U 7−→ F(U)G. It is easy to see that this functor is exact (by the assumption on the
cardinality of G) and commutes with pull-back and derived push-forward. Therefore
it also commutes with local cohomology and nearby cycle functor.
Since πη : Yη −→ Y ′η is an e´tale Galois covering with the Galois group G, we have
(πη∗Λ)
G ∼= Λ. Therefore we have
HkW (Ys, RψYΛ)
G ∼= HkW ′
(
Y ′s , πs∗RψYΛ
)G ∼= HkW ′
(
Y ′s , RψY πη∗Λ
)G
∼= HkW ′
(
Y ′s , RψY ′(πη∗Λ)
G
) ∼= HkW ′
(
Y ′s , RψY ′Λ
)
,
as desired.
Remark 2.6. By the standard method, we may prove the analogous results as
Proposition 2.1, 2.2, 2.4, 2.5 for Λ = Qℓ or Λ = Qℓ, an algebraic closure of Qℓ.
3 Review of the Lubin-Tate tower
In this section, we briefly recall basic definitions about the Lubin-Tate tower. First
we will introduce notation used in the sequel. Let F be a complete discrete valuation
field with finite residue field Fq. We denote the ring of integers of F by O and fix a
uniformizer ̟ of O. Let V = (Our)∧ be the completion of the maximal unramified
extension of O. Denote the residue field of V by F. As in the previous section, we
write s (resp. η) for the closed (resp. generic) point of S = SpecV .
Fix an integer d ≥ 1. Let GLd(F )0 (resp. GLd(F )00) be the subgroup of GLd(F )
consisting of elements g ∈ GLd(F ) such that the normalized valuation of det g is
divisible by d (resp. equal to 0). Put K0 = GLd(O). For an integer m ≥ 1, we
4
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put Km = Ker(GLd(O) −→ GLd(O/̟mO)). For m ≥ 0, Km is a compact open
subgroup of GLd(F ) which is contained in GLd(F )
00.
Let G be a one-dimensional formal O-module over F with O-height d. It is known
to be unique up to isomorphism. Let C be the category whose objects are complete
noetherian local V -algebras with residue fields isomorphic to F by the structure
morphisms, and whose morphisms are local V -algebra homomorphisms. For an
integer m ≥ 0, consider the covariant functor Defm : C −→ Set that associates A
with the set of isomorphism classes of triples (G, ι, φ), where G is a one-dimensional
formal O-module over A, ι : G ∼=−−→ G⊗A F is an isomorphism of formal O-modules
over F, and φ : (̟−mO/O)d −→ mA (here we fix a coordinate of G and identify
G(A) with mA, the maximal ideal of A) is a Drinfeld level m structure of G. Recall
that a Drinfeld level m structure of G is an O-homomorphism from (̟−mO/O)d to
mA endowed with an O-module structure by G such that
∏
a∈(̟−mO/O)d
(
T − φ(a)) = [̟m](T )g(T )
for some g(T ) ∈ A[[T ]]×. This is equivalent to saying that the element [̟](T ) is
divisible by
∏
a∈(̟−1O/O)d(T − φ(a)) ([HT, Corollary II.2.3]). We define (G, ι, φ) ∼=
(G′, ι′, φ′) in the obvious manner. For m ≤ m′, we have a natural morphism
of functors Defm′ −→ Defm by restricting level m′ structures to (̟−mO/O)d ⊂
(̟−m
′O/O)d.
The following fundamental theorem is due to Lubin, Tate and Drinfeld ([Dr,
Proposition 4.3, 1), 2)]):
Theorem 3.1. i) For every m ≥ 0, the functor Defm is represented by a d-
dimensional regular local V -algebra Am. Moreover, as a local V -algebra, A0
is isomorphic to V [[T1, . . . , Td−1]].
ii) LetGuniv be the universal formalO-module over A0 and φunivm : (̟−mO/O)d −→
mAm the universal Drinfeld level m structure of G
univ⊗A0Am. Then, form ≥ 1
and an O/̟mO-basis e1, . . . , ed of (̟−mO/O)d, φunivm (e1), . . . , φunivm (ed) ∈ mAm
form a system of regular parameters of Am.
Put Xm = SpecAm and denote the unique closed point of Xm by xm. The
morphism of functors Defm′ −→ Defm induces a morphism pmm′ : Xm′ −→ Xm
over S = Spec V . It is finite and flat ([Dr, Proposition 4.3, 3)]). The S-scheme
X0 is sometimes called the Lubin-Tate space and the projective system of schemes
(Xm)m≥0 is called the Lubin-Tate tower.
In fact, Am is algebraizable, that is, it can be obtained from a scheme of finite
type over V by taking completion at a closed point on the special fiber.
Proposition 3.2. For every integer m ≥ 0, there exist a scheme Mm of finite type
over V with purely (d−1)-dimensional smooth generic fiber, a closed point y ofMm,s,
and a local V -algebra isomorphism Am ∼= O∧Mm,y, where ∧ denotes the completion.
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Proof. We may take Mm as an integral model of a certain Shimura variety if the
characteristic of F is 0 ([HT, Lemma III.4.1.1]), and as the moduli space of D-
elliptic sheaves with level structures if the characteristic of F is positive ([Bo1,
The´ore`me 7.4.4]). However, there is much simpler proof; see [St, Theorem 2.3.1].
Note that the generic fiber of the scheme Mm constructed loc. cit. is e´tale over
Spec(FracV )[T1, . . . , Td−1], hence purely (d− 1)-dimensional and smooth.
Next we recall the group action on the tower (Xm)m≥0. Let g be an element
of GLd(F )
00 and m,m′ ≥ 0 integers. If we have g−1Kmg ⊂ Km′ , then we can
define a morphism gmm′ : Xm −→ Xm′ , as explained in [St, Section 2.2] (under the
notation used there, it is the composite M(0)Km
gKm−−→ M(0)g−1Kmg −→ M
(0)
Km′
). This
gmm′ is compatible with the transition maps of (Xm)m≥0. Moreover, for another
g′ ∈ GLd(F )00 and m′′ ≥ 0 with g′−1Km′g′ ⊂ Km′′ , we have (gg′)mm′′ = g′m′m′′ ◦gmm′ .
Therefore we get the right action of GLd(F )
00 on the tower (Xm)m≥0 regarded as a
pro-object (cf. [SGA4, Expose´ I, 8.10]) of schemes over V . We extend this action to
GLd(F )
0 by letting the action of ̟Id be trivial (here Id denotes the identity matrix).
Note that, in particular, K0 acts on each Am on the left and Xm on the right.
The description of this action is very simple; g ∈ K0 maps [(G, ι, φ)] ∈ Defm(A) to
[(G, ι, φg)], where φg is the composite of φ and the automorphism of (̟
−mO/O)d
induced by g. Here [−] denotes the isomorphism class. Obviously Km acts on Am
and Xm trivially.
Proposition 3.3 ([St, Theorem 2.1.2 (ii), Proposition 2.2.5 (i)]). Letm,m′
be integers with 0 ≤ m ≤ m′.
i) The morphism Xm′,η −→ Xm,η induced by pmm′ is a Galois e´tale covering with
Galois group Km/Km′.
ii) We have A
Km/Km′
m′ = Am.
Definition 3.4. For an integer k, we put Hk,0LT = lim−→m(R
kψXmQℓ)xm . The group
GLd(F )
0 naturally acts on it. We put HkLT = Ind
GLd(F )
GLd(F )0
Hk,0LT .
Recall that a Qℓ-representation V of a totally disconnected locally compact group
G is said to be smooth if the stabilizer of every element of V is an open subgroup
of G. If moreover, for every compact open subgroup K of G the fixed part V K is
finite-dimensional, then V is said to be admissible. An admissible Qℓ-representation
V of GLd(F ) is said to be supercuspidal if it does not appear as a subquotient of
parabolically induced representations from any proper Levi subgroup.
The main theorem of this paper is the following:
Theorem 3.5. For k 6= d − 1, the GLd(F )-representation HkLT is admissible and
has no supercuspidal representation as a subquotient.
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4 Proof of the main theorem
First we recall the natural stratification of Xm, which is essentially introduced in
[St].
Definition 4.1. Let m ≥ 1 and 0 ≤ h ≤ d be integers. We denote by Sm,h the set
of O/̟mO-submodules of (̟−mO/O)d which are direct summand of rank h. Put
Sm =
⋃d
h=0 Sm,h.
For J ∈ Sm,h, let pJ be the ideal of Am generated by φunivm (a) where a ∈ J .
This is known to be a prime ideal ([St, Proposition 3.1.3]). Denote by YJ the closed
subscheme of Xm defined by pJ . Note that YJ ⊃ YJ ′ for J, J ′ ∈ Sm with J ⊂ J ′.
Put ZJ = YJ \
⋃
J ′∈Sm,J(J ′
YJ ′, Y
(h)
m =
⋃
J∈Sm,h
YJ and Z
(h)
m =
⋃
J∈Sm,h
ZJ . We have
YJ =
⋃
J ′∈Sm,J⊂J ′
ZJ ′ and Xm = Y
(0)
m ⊃ Y (1)m ⊃ · · · ⊃ Y (d)m = xm.
Lemma 4.2. i) We have Y
(1)
m = Xm,s.
ii) Let J, J ′ ∈ Sm. If J 6= J ′, then ZJ ∩ ZJ ′ = ∅.
iii) We have Z
(h)
m = Y
(h)
m \ Y (h+1)m . In particular, Z(h)m can be regarded as an open
subscheme of Y
(h)
m .
Proof. i) It is sufficient to show that the ideal of Am generated by the element∏
a∈(̟−mO/O)d,̟m−1a6=0 φ
univ
m (a) is equal to ̟Am. By the definition of a Drinfeld
level structure, we have
∏
a∈(̟−mO/O)d(T −φunivm (a)) = [̟m](T )gm(T ) for some
gm(T ) ∈ Am[[T ]]×. Since the restriction of φunivm to (̟−m+1O/O)d coincides
with φunivm−1, we have
∏
a∈(̟−m+1O/O)d(T − φunivm (a)) = [̟m−1](T )gm−1(T ) for
some gm−1(T ) ∈ Am[[T ]]×. On the other hand, since [̟m](T ) = [̟]([̟m−1](T )),
[̟m](T )
[̟m−1](T )
is an element of A0[[T ]] whose constant term is ̟. Therefore, by com-
paring the constant terms of both sides of the equation
∏
a∈(̟−mO/O)d,
̟m−1a6=0
(
T − φunivm (a)
)
=
[̟m](T )gm(T )
[̟m−1](T )gm−1(T )
,
we get the desired result.
ii) For simplicity, we write m for the maximal ideal of Am. First note that
φunivm mod pJ : (̟
−mO/O)d −→ m/pJ is 0 on J .
We may assume that rank J ≤ rank J ′. Take a primary decomposition pJ +
pJ ′ =
⋂l
i=1 qi, where qi is a primary ideal of Am. Put pi =
√
qi. Then pi
is a prime ideal and we have
√
pJ + pJ ′ =
⋂l
i=1 pi. Let J
′′
i be the kernel
of φunivm mod pi : (̟
−mO/O)d −→ m/pi. By the subsequent lemma, it is an
element of Sm. Moreover, since pJ , pJ ′ ⊂ pi, J ′′i contains J and J ′. Therefore
J ( J ′′i , for rank J ≤ rank J ′ and J 6= J ′. By the definition we have pJ ′′i ⊂
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pi. Thus we have pJ ′′1 · · · pJ ′′l ⊂
⋂l
i=1 pi =
√
pJ + pJ ′ , which implies the set-
theoretical inclusion YJ ∩YJ ′ ⊂
⋃l
i=1 YJ ′′i ⊂ YJ \ZJ . Hence we have ZJ ∩ZJ ′ =
∅, as desired.
iii) It is an easy consequence of ii) and YJ =
⋃
J ′∈Sm,J⊂J ′
ZJ ′.
Lemma 4.3. Let A be an object of the category C, m ≥ 1 an integer, and (G, ι, φ)
a triple that appeared in the definition of Defm(A). Assume that A is an integral
domain. Then Kerφ is a direct summand of (̟−mO/O)d.
Proof. First note that a finitely generated O/̟mO-module M is free if and only if
the following condition holds:
for every x ∈ M with ̟x = 0, there exists an element y ∈ M such that
x = ̟m−1y.
Indeed, it is easy to see that the condition above is equivalent to Tor1(M,O/̟O) =
0, which is equivalent to the flatness of M .
In order to show that Kerφ is a direct summand, it suffices to show that Imφ is a
free O/̟mO-module. We will verify the condition above. Assume that [̟](φ(a)) =
0. Since
∏
b∈(̟−1O/O)d(T − φ(b)) = [̟](T )g(T ) for some g(T ) ∈ A[[T ]]×, we have∏
b∈(̟−1O/O)d(φ(a) − φ(b)) = 0. Since A is an integral domain, there exists an
element b ∈ (̟−1O/O)d such that φ(a) = φ(b). Take b′ ∈ (̟−mO/O)d such that
̟m−1b′ = b. Then [̟m−1](φ(b′)) = φ(̟m−1b′) = φ(b) = φ(a). This completes the
proof.
Proposition 4.4. For every pair of integers k and h ≥ 1, Hk
Z
(h)
m
(Xm,s, RψXmQℓ) is
a finite-dimensional Qℓ-vector space.
Proof. Clear from Proposition 2.2 and Proposition 3.2.
Remark 4.5. It is possible to take an algebraization Mm in Proposition 3.2 so
that the locally closed subscheme Z
(h)
m comes from a locally closed subscheme of
Mm. Then we may use Remark 2.3 in place of Proposition 2.2.
As explained in [St, Section 3.1], this stratification is preserved by the action of
GLd(F )
0 in the sense of the following.
Fix an integer h with 1 ≤ h ≤ d − 1. Denote by J0h (resp. J0m,h for m ≥ 1) the
direct summand of Od (resp. (̟−mO/O)d) generated by the first h elements of the
standard basis. Let Ph(O) ⊂ GLd(O) be the stabilizer of J0h . Similarly we define
Ph(F ) ⊂ GLd(F ). Put Ph(F )0 = Ph(F ) ∩GLd(F )0.
Obviously GLd(O) acts on Sm,h. By mapping g to gJ0m,h, we have a map
GLd(O) −→ Sm,h, which induces natural isomorphisms
Sm,h ∼= Km\GLd(O)/Ph(O) ∼= Km\GLd(F )/Ph(F ) ∼= Km\GLd(F )0/Ph(F )0.
8
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Moreover, for 1 ≤ m ≤ m′, it is easy to see that under the isomorphism above
the projection Km′\GLd(F )0/Ph(F )0 −→ Km\GLd(F )0/Ph(F )0 corresponds to the
map Sm′,h −→ Sm,h that maps J to J ∩ (̟−mO/O)d.
Let g be an element of GLd(F )
0 and m, m′ positive integers with g−1Kmg ⊂
Km′ . Then we can define the map Sm,h −→ Sm′,h such that the corresponding
map Km\GLd(F )0/Ph(F )0 −→ Km′\GLd(F )0/Ph(F )0 is given by KmxPh(F )0 7−→
Km′g
−1xPh(F )
0. We denote the image of J ∈ Sm,h under this map by g−1J . Then,
the morphism gmm′ : Xm −→ Xm′ maps ZJ into Zg−1J .
Definition 4.6. Let h be an integer with 1 ≤ h ≤ d − 1. For integers m, m′ with
1 ≤ m ≤ m′, ZJ0
m′,h
is open and closed in p−1mm′(ZJ0m,h), and thus we have the inductive
system (HkZ
J0
m,h
(Xm,s, RψXmQℓ))m≥1. Put W
(h,k,0) = lim−→mH
k
Z
J0
m,h
(Xm,s, RψXmQℓ).
Since the image of HkZ
J0
m,h
(Xm,s, RψXmQℓ) in W
(h,k,0) is fixed by the open subgroup
Ph(F )
0 ∩Km of Ph(F )0, W (h,k,0) is a smooth representation of Ph(F )0. Similarly we
may define V (h,k,0) as lim−→mH
k
Z
(h)
m
(Xm,s, RψXmQℓ), which is a smooth representation
of GLd(F )
0. Put W (h,k) = Ind
Ph(F )
Ph(F )0
W (h,k,0) and V (h,k) = Ind
GLd(F )
GLd(F )0
V (h,k,0).
Proposition 4.7. Let k and h be integers with 1 ≤ h ≤ d− 1.
i) The Ph(F )
0-representation W (h,k,0) is admissible.
ii) We have an isomorphism V (h,k,0) ∼= IndGLd(F )0Ph(F )0 W (h,k,0).
iii) The unipotent radical of Ph(F ) acts on W
(h,k) trivially.
iv) There is no supercuspidal subquotient of V (h,k).
Proof. i) For an integer m ≥ 1 put Ph(F )0m = Ph(F )0 ∩ Km. It is sufficient to
show that (W (h,k,0))Ph(F )
0
m is a finite-dimensional Qℓ-vector space for every m.
Let m′ be an integer with m′ ≥ m. Since p−1mm′(ZJ0m,h) is the disjoint union of
(ZJ0
m′,h
)g−1 = ZgJ0
m′,h
where g runs through Km/Km′ (Lemma 4.2 ii)), we have
the natural isomorphisms
Hk
p−1
mm′
(Z
J0
m,h
)
(Xm′,s, RψXm′Qℓ)
∼=
⊕
g∈Km/Km′
HkgZ
J0
m′,h
(Xm′,s, RψXm′Qℓ)
∼= IndKm/Km′Ph(F )0m/Ph(F )0m′ H
k
Z
J0
m′,h
(Xm′,s, RψXm′Qℓ)
(the second isomorphism is the one given in the proof of [Bo1, Lemme 13.2]).
Since Km/Km′ is a p-group where p is the characteristic of Fq and Am =
A
Km/Km′
m′ , by Proposition 2.5 we have
HkZ
J0
m′,h
(Xm′,s, RψXm′Qℓ)
Ph(F )
0
m ∼=
(
Ind
Km/Km′
Ph(F )0m/Ph(F )
0
m′
HkZ
J0
m′,h
(Xm′,s, RψXm′Qℓ)
)Km/Km′
∼= Hkp−1
mm′
(Z
J0
m,h
)
(Xm′,s, RψXm′Qℓ)
Km/Km′ ∼= HkZ
J0
m,h
(Xm,s, RψXmQℓ).
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Moreover it is not difficult to see that this isomorphism is induced by the
natural pull-back map HkZ
J0
m,h
(Xm,s, RψXmQℓ)
p∗
mm′−−−→ HkZ
J0
m′,h
(Xm′,s, RψXm′Qℓ).
Thus by taking the inductive limit with respect to m′, we have
(W (h,k,0))Ph(F )
0
m ∼= HkZ
J0
m,h
(Xm,s, RψXmQℓ).
Since the right hand side is a finite-dimensional Qℓ-vector space by Proposition
4.4, so is the left hand side.
ii) It can be proved in the same way as [St, Theorem 4.3.2 (ii)].
iii) By i), W (h,k) is an admissible Ph(F )-representation. Thus by [Bo1, Lemme
13.2.3], its restriction to the unipotent radical of Ph(F ) is trivial.
iv) By ii), we have V (h,k) ∼= IndGLd(F )Ph(F ) W (h,k). By iii), the right hand side is
obtained by a parabolic induction from the Levi subgroup of Ph(F ). Thus it
has no supercuspidal subquotient.
Now we can give a proof of our main theorem.
Proof of Theorem 3.5. For integers k and h with 1 ≤ h ≤ d, we put V ′(h,k,0) =
lim−→mH
k
Y
(h)
m
(Xm,s, RψXmQℓ) and V
′(h,k) = Ind
GLd(F )
GLd(F )0
V ′(h,k,0) (since p−1mm′(Y
(h)
m ) = Y
(h)
m′
for 1 ≤ m ≤ m′, we have the inductive system (Hk
Y
(h)
m
(Xm,s, RψXmQℓ))m≥1). It is
easy to see that V ′(h,k,0) (resp. V ′(h,k)) is a smooth representation of GLd(F )
0 (resp.
GLd(F )). For an integer h with 0 ≤ h ≤ d− 1, the exact sequence
· · · −→ Hk
Y
(h+1)
m
(Xm,s, RψXmQℓ) −→ HkY (h)m (Xm,s, RψXmQℓ)
−→ Hk
Z
(h)
m
(Xm,s, RψXmQℓ) −→ Hk+1Y (h+1)m (Xm,s, RψXmQℓ) −→ · · ·
gives the exact sequence V ′(h+1,k) −→ V ′(h,k) −→ V (h,k).
Assume that k < d− 1. Then by Proposition 2.4 and Proposition 3.2,
V ′(d,k) = Ind
GLd(F )
GLd(F )0
lim−→
m
Hkxm(Xm,s, RψXmQℓ) = 0.
Therefore, by Proposition 4.7 iv) and the exact sequence above, we have inductively
that for every h with 1 ≤ h ≤ d, V ′(h,k) is an admissible GLd(F )-representation
which has no supercuspidal subquotient. On the other hand, by Lemma 4.2 i),
V ′(1,k) = Ind
GLd(F )
GLd(F )0
lim−→
m
Hk(Xm,s, RψXmQℓ) = Ind
GLd(F )
GLd(F )0
lim−→
m
(RkψXmQℓ)xm = H
k
LT
(note that Xm,s is the spectrum of a strict local ring with closed point xm). Hence
HkLT is an admissible GLd(F )-representation which has no supercuspidal subquo-
tient.
Next assume that k > d − 1. Then by Proposition 2.4 and Proposition 3.2,
(RkψXmQℓ)xm = 0. Therefore H
k
LT = 0 and Theorem 3.5 holds obviously.
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